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 This paper presents a numerical analysis of laser induced periodic surface 

structures (LIPSS) using lattice Boltzmann method. The Cattaneo-Vernotte 

hyperbolic heat conduction model is used to derive the hyperbolic lattice 

Boltzmann in order to consider the non-Fourier effect in conduction. A 

Gaussian ultrashort laser is induced on a thin film with varying length in the 

nanoscale. The energy transfer within the material is governed by the two 

temperature model which calculates the evolution of electron and lattice 

temperatures. The thermal and optical properties of the nanostructure is 

modelled based on quantum mechanics theory. The resultant nondimensional 

temperature and ablation profile are compared to experimental and other 

numerical methods data. Additionally, the effect of parallel computing is 

shown.. 
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1. INTRODUCTION 

Ultrashort laser pulses produce ultra-high peak fluences with ultra-short pulse width duration that are 

in order of picosecond (10-12s) to femtosecond (10-12s) which enable precise and efficient fabrication on 

material surfaces. This technology has found its uses in procuring unique and advanced properties in 

multidisciplinary research such as optics modification, plasmonics [1], wettability, hydrodynamics drag 

reduction, tissue ablation [2], laser surgery [3], and nanodevices manufacturing [4] that are otherwise 

improbable with short lasers in the nanosecond regime. 

The interaction between ultrashort pulses and material matters such as metals, semiconductors, and 

dielectrics [5], produces a phenomenon known as laser induced periodic surface structures (LIPSS) [6]. When 

fluences are above the ablation threshold, the resultant topography near the material surface is a complex 

phenomenon [7] attributable to numerous ablation mechanisms, such as nanospallation, phase explosion, 

vaporization, fragmentation, and capillary effects. 

The intriguing capability of ultrashort lasers underlies complex physics concepts, encovering topics 

such as nonlinear optics, electromagnetics, and quantum mechanics. The interaction with a matter occurring in 

an ultra-short timescale ensues unconventional energy transfer, nonlinear optical and thermal properties, and 

laser ablation. When ultrashort pulses are induced, the thermalization of electrons occurs rather quickly, before 

the absorbed energy is transferred again towards the lattices [8]. This phenomenon takes place due to the 

relative duration of the electron-lattice relaxation time and the pulse width being similar, thus the evolution of 

both electron and lattice properties having separate calculations becomes justified. Jiang [9] argued that when 

the electrons temperature becomes similar to the fermi temperature of a material, the interaction between 

electron distribution deviates from the free electron model which leads to modifications of optical properties. 

https://creativecommons.org/licenses/by-sa/4.0/
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Modeling of thermal and optical properties with quantum mechanics [10] then becomes imperative for higher 

laser fluences where ablation occurs. 

 

2. METHOD 

2.1 Governing Equations 

2.1.1 Two Temperature Model 

The temperatures of electron Te and lattice Tl are governed by the Two Temperature Model (TTM) [11]. 

The energy conservation law can be written as 

 

𝐶𝑒
𝜕𝑇𝑒

𝜕𝑡
= −

𝜕𝑞𝑒

𝜕𝑥
− 𝐺(𝑇𝑒 − 𝑇𝑙) + 𝑆(𝑥, 𝑡) (1) 

𝜏𝑒
𝜕𝑞𝑒

𝜕𝑡
+ 𝑞𝑒 = −𝑘𝑒

𝜕𝑇𝑒

𝜕𝑥
 (2) 

𝐶𝑙
𝜕𝑇𝑙

𝜕𝑡
= −

𝜕𝑞𝑙

𝜕𝑥
+ 𝐺(𝑇𝑒 − 𝑇𝑙) (3) 

𝜏𝑙
𝜕𝑞𝑙

𝜕𝑡
+ 𝑞𝑙 = −𝑘𝑙

𝜕𝑇𝑙

𝜕𝑥
 (4) 

 

Where C is the specific heat capacity, q is energy flux, τ is relaxation time, k is thermal conductivity, G 

is electron-lattice coupling factor, and S is energy absorbed from the laser. 

a) Quantum Modelling 

The nonequilibrium thermal properties Ce, Cl, ke, and kl are function of their temperatures. Considering 

electron temperatures similar to Fermi temperature Tf, the average number of electrons with energy state 

εe is following the Fermi-Dirac distribution. 

〈𝑛𝑘〉 =
1

exp(𝛽[𝜀𝑘−𝜇])+1
 (5) 

where 𝛽(𝑇𝑒) = 1/𝑘𝑏𝑇𝑒(𝑡, 𝑥) and μ is chemical potential. The distribution given in equation 5 is a good 

approximation at high temperatures and when the pulse duration is higher than the relaxation time of 

the electron. This is because when a femtosecond laser pulse has pulse duration smaller than the electron 

relaxation time, the Fermi-Dirac distribution can be disrupted. By calculating the average kinetic energy 

per electron 〈n〉 [9] from equation 5, the heat capacity of electron can be obtained. 

𝐶𝑒 = 𝑛𝑒 (
𝜕〈𝜀〉

𝜕𝑇𝑒
)
𝑉
 (6) 

The thermal conductivity of electron can be determined from the Drude theory of metals: 

𝑘𝑒(𝑇𝑒) =
1

3
𝜐𝑒
2(𝑇𝑒)𝜏𝑒(𝑇𝑒)𝐶𝑒(𝑇𝑒)  (7) 

where υe is the average electron speed. Note that υe and Ce are obtained from the Fermi-Dirac 

distribution. Meanwhile, the electron relaxation time τe can be determined by considering the metal as 

dense plasma during high fluence ablation. The electron conductivity model can be derived from the 

Boltzmann transport equation [12] 

𝜏𝑒(𝑥, 𝑦, 𝑡) =
3

2√2𝜋

(𝑘𝑏𝑇𝑒(𝑥,𝑦,𝑡))
3/2

(𝑍∗)2𝑛𝑒𝑒4lnΛ

× [1 + exp − 𝜇/𝑘𝑏𝑇𝑒(𝑥, 𝑦, 𝑡)]𝐹1/2
 (8) 

where e is electron charge and Z* is ionization state and is a material constant. F1/2 is the Fermi Integral 

and lnΛ is the Coulomb logarithm. 

The lattice heat capacity can be determined by the Debye model [9]. The average kinetic energy of the 

lattice can be determined by 

 〈𝜀𝑘〉 = ∫
𝜐𝑚𝑎𝑥

0

6𝜋ℎ

𝑛𝑎𝑐𝑠
3

𝜐3

expℎ𝜐/𝑘𝑏𝑇𝑙−1
𝑑𝜐 (9) 
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where na is the phonon number density and υ_max is maximum frequency of phonon. 

The heat capacity of the lattice (phonon) can then be calculated by 

 𝐶𝑙(𝑇𝑙) = 2𝑛𝑎 (
𝜕〈𝜀𝑘〉

𝜕𝑇𝑙
)
𝑉
 (10) 

b) Electron-Phonon Coupling 

The rate of energy transfer from electron to lattice is quantified by G(Te-Tl) is a function of 

temperature. The value of G can be obtained by 

 𝐺 = 𝐺𝑅𝑇 [
𝐴𝑒

𝐵𝑙
(𝑇𝑒 + 𝑇𝑙) + 1] (11) 

Where GRT is a constant obtained by assuming Fermi-Dirac distribution for electrons and Bose-

Einstein distribution for lattices [13], while Ae and Bl are material constants. 

c) Laser Source 

The laser source is modeled after the spatiotemporal Gaussian distribution, which is the most 

commonly used for ultrashort laser research due to its realistic representation and 

mathematical convenience. This representation is given by 

 

𝑆(𝑥, 𝑦, 𝑡) = 0.94𝐽
1−𝑅

𝑡𝑝(𝛿+𝛿𝑏)[1−𝑒
(−𝐿/(𝛿+𝛿𝑏))]

× exp [
𝐿−𝑥

𝛿+𝛿𝑏
− 2.77 (

𝑡

𝑡𝑝
)
2

]

× exp(−2𝑦2/𝑤0
2)

 (12) 

In a two dimensional domain, x and y is the position in terms of thickness and length of the 

structure, respectively. The maximum laser fluence is J. The material optical properties are the 

reflectivity R, penetration depth δ, and ballistic range δb. L denotes the characteristic length 

(thickness) of the structure. The pulse waist size is given by w0, and the duration of the pulse 

is represented by the Full-Width at Half-Maximum (FWHM) duration tp. 

The last term in equation 12 represents the spatial profile [14] which can be modified for one 

and three dimensional cases. 

 

Figure  1: Temporal profile of Gaussian Laser with tp=96fs. The intensity is maximum at 

t=2tp. Due to optical properties of the material, the intensity reduces as the laser source is 

farther away from the surface 

 

2.1.2 Hyperbolic Heat Equation 

In order to capture the nonlinear heat conduction effect, a hyperbolic Lattice Boltzmann is derived based 

on the Cattaneo-Vernotte model. The CV model is a non-Fourier heat conduction equation, derived by Cattaneo 
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and Vernotte independently in the mid 20th century based on the kinetic gas theory [15], [16]. The CV equation 

was proposed in light of the nonphysical behavior of the conventional Fourier’s Law of Conduction when 

observed at very low temperatures. It was discovered in other cases such as ultrafast heating and heating in 

heterogeneous materials that the assumption of infinite propagation heat velocity from Fourier’s law becomes 

invalid, thus resulting in inaccurate results [17]. The relaxation time τq is introduced to the existing Fourier’s 

model to represent the finite propagation speed. Inserting the CV model in the energy equation yields the 

following. 

 𝜏𝑞
𝜕2𝑇

𝜕𝑡2
+ 𝐶

𝜕𝑇

𝜕𝑡
=

𝜕

𝜕𝑥
(𝑘

𝜕𝑇

𝜕𝑥
) + 𝑆 + 𝜏𝑞

𝜕𝑆

𝜕𝑡
 (13) 

 

2.2 Numerical Model 

2.2.1 Lattice Boltzmann Method 

From the CV equation, the hyperbolic lattice Boltzmann method is derived by considering the 

temperature evolution [18]. The external source is also modified such that the term G(T) is also considered. 

The new LB equation becomes 

 
Ψ𝑖 − 𝜙Ψ𝑖

0 = −2(𝜑 + 𝜙)Θ𝑖 + 2𝜙Θ𝑖
0

+
𝐺Δ𝑡

𝐶
(𝑓𝑖 − 𝜙𝑓𝑖

0) +
𝑤𝑖Δ𝑡

𝐶
(𝑆𝑖 − 𝜙𝑆𝑖

0)
 (14) 

where the distribution functions are denoted by 

 

Ψ𝑖(𝑥, 𝑡) = 𝑓𝑖(𝑥 + Δ𝑥, 𝑡 + Δ𝑡) − 𝑓𝑖(𝑥, 𝑡)

Θ𝑖(𝑥, 𝑡) = 𝑓𝑖(𝑥, 𝑡) − 𝑓𝑖
𝑒𝑞(𝑥, 𝑡)

Ψ𝑖
0 = Ψ𝑖(𝑥, 𝑡 − Δ𝑡)

Θ𝑖
0 = Θ𝑖(𝑥, 𝑡 − Δ𝑡)

 (15) 

Moreover, ϕ and φ are relaxation times given by 

 𝜙 =
Γ

2𝛼+1+Γ
𝜑 =

1

2𝛼+1+Γ
 (16) 

where α is thermal diffusivity and Γ=τ/Δt. The LB method given in equation 14 reduces to parabolic 

which follows Fourier’s Law when Γ→0. 

2.2.2 Initial Condition and Boundary Treatment 

The initial condition for the material is set at room temperature Te0=Tl0=300K. Since the timescale is 

within the pico- to femto-second, heat loss on the boundaries are negligible [19]. The boundaries on the domain 

are assumed to be adiabatic and can be described by 

(
𝜕𝑇𝑒

𝜕𝑛
)
Ω
= (

𝜕𝑇𝑙

𝜕𝑛
)
Ω
= 0 (17) 

2.2.3 Computational Domain 

For this research, a Nx×Ny=100×100 grid is used for computational domain. The diameter of the 

Gaussian laser is set to be Nx/2, with its spot located on the centre. The material chosen is gold, and calculation 

for its thermal and reflective properties can be obtained from literature. The laser fluence is set to be J=10J/m2, 

with pulse width of tp=96fs (shown in Fig. 1). The thickness of the gold film is d=100nm. 

 

3. RESULT AND DISCUSSION 

The simulation results are compared to experiment data [20]. The first data in Fig. 2 compares the non-

dimensional electron temperature θe on the surface which can be calculated by θe=(Te-Te0)/(Te-Te0 )max. 
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Figure  2: Normalized electron temperature in the front surface and rear surface of gold for 𝐾 = 10𝐽/𝑚2, 

𝑑 = 100𝑛𝑚. Experiment data by Brorson and group, 1987 [20] 

 

It can be observed that for the current progress, the numerical code captures the electron temperature 

evolution accurately on the front surface. However, the same cannot be said for the rear surface, as it seem that 

the temperature raise with delay, possibly due to inaccurate capturing of the heat transfer within the material. 

 
Figure  3: Normalized Electron Temperature profile at 𝑡 = 192𝑓𝑠 

 
Figure  4: Normalized Electron Temperature profile at 𝑡 = 240𝑓𝑠 
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Figure  5: Normalized Electron Temperature profile at 𝑡 = 336𝑓𝑠 

The temperature profile at certain times given in figures ?? shows its evolution of how heat is transferred 

from the laser to electron. Since the boundaries are treated as adiabatic for both electron and lattices, the 

electron loses its energy only from energy transfer towards the lattice, while the lattices do not lose energy, as 

shown in Fig. 6. 

 
Figure  6: Normalized lattice temperature in the front surface and rear surface of gold for 𝐾 = 10𝐽/𝑚2, 𝑑 =

100𝑛𝑚 

 

4. CONCLUSION 

The numerical framework for hyperbolic lattice Boltzmann is currently on progress. Results has shown 

promising potential for the use of HLBM in multidimensional LIPSS study. However, some fixes and 

improvement on numerical code is still needed. 

 

Future Work 

The study of ablation threshold by phase explosion can be analysed when the verified results are 

acceptable. This can be done by disintegrating grids in which the lattice temperature reaches a certain threshold 

The Two Temperature Model on its own is still limited for describing other ablation mechanism. In 
order to model more complex ablation such as capillaries and multipulse dynamics, a modified TTM is 

required, such as TTM-Maxwell Model and TTM-Phase Field Model. In addition, hydrodynamic equations 

may be coupled for better understanding of the disintegration residue. 
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